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In a previous thermo-mechanical analysis [Estevez, R., Basu, S., van der Giessen, E., 2005. Analysis of temperature
eﬀects near mode I cracks in glassy polymers. Int. J. Fract. 132, 249–273] in which shear yielding of the bulk and failure
by crazing were accounted for, we examined which of these two viscoplastic processes contributed to heat in mode I frac-
ture. The present study completes this work by investigating the conditions for thermo-elastic cooling prior to crack prop-
agation as reported experimentally by Rittel [Rittel, D., 1998. Experimental investigation of transient thermo-elastic eﬀects
in dynamic fracture. Int. J. Solids Struct. 35, 2959–2973] and Bougaut and Rittel [Bougaut, O., Rittel, D., 2001. On crack
tip cooling during dynamic crack propagation. Int. J. Solids Struct. 38, 2517–2532] on high strain rate loading of PMMA.
To this end, coupled thermo-mechanical ﬁnite element simulations are carried out by accounting for the thermo-elastic
source, in addition to the heat sources related to shear yielding and crazing. The bulk as well as cohesive zone parameters
for crazing realistically describe PMMA as they are obtained from detailed calibration experiments. Our results show that
if signiﬁcant thermo-elastic cooling has to be observed in the vicinity of the crack tip of a polymeric material, suppression
of shear yielding as well as suppression of crazing is necessary. It seems that at these high strain rates a brittle fracture
mechanism activated at very high stresses takes over from crazing, or at least that craze initiation occurs for stress levels
very diﬀerent to those for quasi-static conditions.
 2008 Elsevier Ltd. All rights reserved.
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Failure in glassy polymers involves shear yielding and crazing, the competition between which is shown
(see, Estevez et al., 2000) to govern the toughness of the material, in particular the ductile to brittle transition
operating at low loading rates. When the loading rate is further increased, an opposite transition from brittle
to ductile is observed (see for instance Rittel and Maigre, 1996), with an increase in the toughness of several0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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thermal eﬀects need to be accounted for. Generally, plastic dissipation is considered as a source of heat and the
consequent temperature rise is known to modify both the kinetics of the bulk viscoplastic response and the
craze thickening process. In a recent investigation (Estevez et al., 2005), we have considered both contributions
to heat generation and demonstrated that the craze thickening process is the major heat source under mode I
fracture. It was also observed that thermal eﬀects do result in a some increase in the toughness if a temperature
dependent craze critical opening is accounted for in the case of PMMA, an increase of the toughness by about
a factor of two is observed for loading rates of the order of _KI  1 104 MPa
ﬃﬃﬃﬃ
m
p
=s (Estevez et al., submitted
for publication).
A larger amount of increase in the toughness is reported in the experiments by Rittel and Maigre (1996) for
a shorter time to failure (about 50 ls). However, the smaller increase in toughness reported in Estevez et al.
(2005) and found experimentally (Estevez et al., submitted for publication) serves as an indicator of the onset
of the brittle to ductile transition.
Thermo-elastic eﬀects are ﬁrst mentioned in dynamic experiments conducted by Fuller et al. (1975) who
mainly focused on the temperature increase during fracture using diﬀerent techniques for measuring the tem-
perature ﬁelds in the vicinity of the crack path, in PMMA. In later works, Rittel (1998) and Bougaut and Rit-
tel (2001) conducted dynamic fracture experiments on brittle commercial PMMA (polymethylmethacrylate)
and focused on the analysis of a temperature decrease at the onset of crack propagation. It was conjectured
that the decrease was due to thermo-elastic cooling under loading conditions dominated by mode I. The
decrease is then followed by a temperature increase during crack propagation. The increase in temperature
at this stage can be quite high as reported by Bjerke and Lambros (2003). The amount of the temperature
decrease was estimated to be about 20 K in the vicinity of the crack tip, and some kelvins at about
0.2 mm ahead of the initial sharp crack.
Though there was a signiﬁcant scatter in the data presented by Rittel (1998, 2001) and the temper-
ature drop did not correlate well with the velocity vi at which the fracture specimen was impacted (i.e.
the rate of increase of the stress intensity factor), the thermo-elastic cooling eﬀect opens up interesting
and important possibilities as far as craze initiation is concerned. Most signiﬁcant of these is the possi-
bility that craze initiation has to take place at load levels several times larger than those found under
quasi-static conditions (a local principal stress of 55 MPa in the case of PMMA, see Saad-Gouider et al.,
2006) if not suppressed at high rates. For instance, it has been shown by e.g. Verheulpen-Heymans and
Bauwens (1976) that the delay time for craze initiation in polycarbonate increases signiﬁcantly if tests are
done when reducing the temperature, thus pointing out a time–temperature dependence for craze
initiation.
In the present work, we extend the coupled thermo-mechanical ﬁnite element (FE) analysis of Estevez et al.
(2005) to account for the thermo-elastic contribution to the heat equation in addition to the thermo-viscoplas-
tic contributions (shear yielding and crazing) already incorporated in our earlier work. It should be noted that
these two are competing contributions in the sense that the elastic deformation tends to reduce the tempera-
ture while the viscoplastic processes increase it. We discuss in particular, the condition(s) necessary for observ-
ing a thermo-elastic cooling comparable to that reported by Rittel (1998, 2001) and its implication on the craze
initiation condition, as well as the viscoplastic yield stress of the material. We assume that the material remains
in its glassy state and we do not consider thermal eﬀects in the rubbery state in which visco-elastic eﬀects
become important. The reader is referred to Carbone and Persson (2005) for an analysis of such material
and conditions.
The paper is organised in the following manner. In the next section we summarise the constitutive model
used for the bulk and the cohesive model for the craze. The geometry analysed is explained in Section 3. Sali-
ent results from our study and their discussion is given in Section 4. We enumerate the conclusions from this
work in Section 5.
The tensors are denoted by bold-face symbols,  is the tensor product and  the scalar product. For exam-
ple, with respect to a Cartesian basis ei, AB = AikBkjei  ej, A  B = AijBij and LB ¼ LijklBklei  ej, with sum-
mation implied over repeated Latin indices. The summation convention is not used for repeated Greek indices.
A prime ( )0 identiﬁes the deviatoric part of a second-order tensor, I is the second-order unit tensor and tr
denotes the trace.
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In this section, we ﬁrst brieﬂy describe the constitutive law used for modelling the bulk material. In the sec-
ond subsection, the cohesive zone description for crazing comprising initiation, thickening and breakdown is
presented. The related traction separation completes this presentation. The identiﬁcation of the parameters for
the elastic–viscoplastic response of the bulk and the calibration of those for crazing for a commercial PMMA
(Perspex) are presented in Saad-Gouider et al. (2006) and borrowed for the present study. While the calibra-
tion was validated for loading rates ranging from _KI ¼ 1 103 MPa
ﬃﬃﬃﬃ
m
p
=s to _KI ¼ 1 MPa
ﬃﬃﬃﬃ
m
p
=s by Saad-
Gouider et al. (2006), these are shown relevant up for loading rates about _KI ¼ 3 103 MPa
ﬃﬃﬃﬃ
m
p
=s to
_KI ¼ 3 104 MPa
ﬃﬃﬃﬃ
m
p
=s by Estevez et al. (submitted for publication) who performed fracture tests on a ten-
sile machine with a clamp speed from 1 to 5 m/s. In the latter case, a modiﬁcation of the condition for craze
breakdown as proposed in Estevez et al. (2005) is shown necessary.2.1. Constitutive law for amorphous polymers
When crazing does not take place or is suppressed, as in compression or shear tests, amorphous glassy poly-
mers can undergo quite large strains (up to about 100%). Their response shows softening upon yielding fol-
lowed by progressive hardening as the deformation continues. In a numerical investigation of inelastic
deformation and localization in polycarbonate, Lu and Ravi-Chandar (1999) pointed out that macroscopic
softening of the specimen does not necessarily imply softening to be an intrinsic property of the material.
However, in an analysis of the stress and strain ﬁelds around the tip of a blunted crack under mode I, Lai
and Van der Giessen (1997) showed that intrinsic softening is necessary to capture the localized strain ﬁelds
observed experimentally as in Ishikawa et al. (1977). Based on this latter study, intrinsic softening is assumed
for the bulk viscoplasticity.
We start out with the constitutive description of amorphous polymers at large plastic strains for tempera-
tures below the glass transition Tg. As in Estevez et al. (2005), a simple power law description for the consti-
tutive response for TP Tg is also included, essentially to allow crack propagation which may exhibit a
temperature increase above Tg, at the craze–crack transition due to (very) localised plasticity (see Estevez
et al., 2005).
The constitutive model is based on the formulation of Boyce et al. (1988) with some modiﬁcations intro-
duced by Wu and Van der Giessen (1993) for the description of the hardening part, within a standard elas-
tic–viscoplastic framework. Details of the governing equations and the computational aspects can be found
in Wu and van der Giessen (1996). The reader is also referred to the review by Van der Giessen (1997) together
with a presentation of the thermo-mechanical framework in Basu and Van der Giessen (2002).
The full three-dimensional description uses the deformation gradient F, which accounts for the transforma-
tion of a material point from the initial to the current conﬁguration. The gradient is multiplicatively decom-
posed into F = FeFp, with Fp the deformation gradient between the initial into an ‘‘intermediate” or ‘‘natural”
conﬁguration, followed by the elastic transformation Fe to the ﬁnal deformation F. When the elastic part of
the deformation gradient is small (i.e. Fe  I), the velocity gradient in the current conﬁguration L ¼ _FF1
reduces to L = Le + Lp and the decomposition of the rate of deformation D into an elastic De and a plastic
part Dp as D = De + Dp is derived. Prior to yielding, most amorphous polymers exhibit visco-elastic eﬀects
but these are not accounted for explicitly here since we are primarily interested in the eﬀect of the bulk plas-
ticity. However, these are approximated by using a linear secant Young’s modulus Esecant = rY/Y, with rY
and Y the yield stress and strain measured in uniaxial compression, for instance. Assuming the elastic strains
and the temperature diﬀerences (relative to a reference temperature T0) to remain small, the thermo-elastic
part of the response is taken to be governed byr
r ¼ LeDe  Cac _T I ; ð1Þwhere r
r
is the Jaumann rate of the Cauchy stress and Le the usual fourth-order isotropic elastic modulus ten-
sor, in which Esecant is used together with the Poisson’s ratio m. The parameters C and ac are the bulk modulus
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viscoplastic strain rateDp ¼ _c
pﬃﬃﬃ
2
p
s
r0; with s ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
r0  r0
r
ð2Þis speciﬁed in terms of the equivalent shear strain rate _cp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dp Dp
p
, the driving stress r ¼ r b and the re-
lated equivalent shear stress s. The back stress tensor b describes the progressive hardening of the material as
the strain increases and will be deﬁned later on. The equivalent shear strain rate _cp is taken from Argon’s
(1973) expression_cp ¼ _c0 exp As0T 1
s
s0
 5=6( )" #
for T < T g; ð3Þwhere _c0 and A are material parameters and T the absolute temperature (note that plastic ﬂow is inherently
temperature dependent through (3)). In Eq. (3), the shear strength s0 is related to elastic molecular properties
measured at high frequencies with s0 ¼ 0:077G1m in Argon’s original formulation, and G the shear modulus. In
order to account for the eﬀect of strain softening and for the pressure dependence of the plastic strain rate,
s0 in (3) is replaced by s + ap, where a is a pressure sensitivity coeﬃcient and p ¼  13 trr. The shear strength
s acts as an internal variable for the description of strain softening and evolves from the initial value s0 to a
steady state sss with the plastic strain rate through_s ¼ hð1 s=sssÞ _cp ð4Þ
the parameter h controlling the rate of softening.
Completion of the constitutive model requires the description of the progressive hardening of amorphous
polymers upon yielding due to deformation-induced stretch of the molecular chains. This eﬀect is incorporated
through the back stress b in the driving shear stress s in Eq. (2). Its description is based on the analogy with the
stretching of the cross-linked network in rubber elasticity (Boyce et al., 1988). The deformation of the resulting
network is assumed to derive from the accumulated plastic stretch (Wu and Van der Giessen, 1993) so that the
principal back stress components ba are functions of the principal plastic stretches kb asb ¼
X
a
baðepa  epaÞ ba ¼ baðkbÞ;in which epa are the principal directions of the plastic stretch. In a description of the fully three-dimensional
orientation distribution of non-Gaussian molecular chains in a network, Wu and Van der Giessen (1993)
showed that b can be estimated accurately with the following combination of the classical three-chain model
(Treloar, 1975) and the eight-chain description of (Arruda and Boyce, 1993):ba ¼ ð1 qÞb3-cha þ qb8-cha ; ð5Þ
where the fraction q ¼ 0:85k= ﬃﬃﬃﬃNp is based on the maximum plastic stretch k ¼ maxðk1; k2; k3Þ and on N, the
number of segments between entanglements. The use of Langevin statistics for calculating ba implies a limit
stretch of
ﬃﬃﬃﬃ
N
p
. The expressions for the principal components of b3-cha and b
8-ch
a contain a second material
parameter: the initial shear modulus CR = nkBT, in which n is the volume density of entanglements (kB is
the Boltzmann constant).
Based on a study of the temperature dependence of strain-induced birefringence in amorphous polymers,
Raha and Bowden (1972) suggested that the thermal dissociation of entanglements can be described bynðT Þ ¼ B D expðEa=RT Þ; ð6Þ
where Ea is the dissociation energy, R the gas constant, and where B and D are material parameters. As
pointed out by Arruda et al. (1995), this evolution law is subject to the side condition nN = constant in order
to keep the number of molecular links constant. Therefore, the back stress according to (5) is also temperature
dependent through N(T) and CR = n(T)kBT. The material parameters B and D are estimated here from the
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D = exp(Ea/RTg) (the value of Ea is borrowed from Basu and Van der Giessen (2002)).
Fig. 1 shows the comparison between uniaxial compression tests on PMMA obtained from experiments and
the model described above. The stress strain curves shown are under isothermal conditions and at strain rates
ranging from 1  105 to 1  103 s1. Material properties used to simulate the uniaxial behaviour are as
listed in Table 1 and are the same as given in Saad-Gouider et al. (2006).2.2. Craze modelling
In this paper, failure of PMMA is assumed to be caused by crazing. Evidences of crazing as the mechanism
underlying failure are clear under quasi-static conditions (Do¨ll, 1983; Do¨ll and Ko¨nczo¨l, 1990) but also under
fracture at high rates with a crack velocity up to 300 m/s (Fuller et al., 1975). A craze appears geometrically
similar to a crack but the craze surfaces are bridged by a web of polymer ﬁbrils which provide some load-bear-
ing capacity, in contrast to the traction-free faces of a crack. Crazing proceeds in three stages: (1) initiation; (2)
thickening of the craze ﬁbrils; and (3) breakdown of the ﬁbrils and related nucleation of a crack locally. Based
on Kramer’s description of crazing (1983, 1990), Tijssens et al. (2000) proposed a cohesive zone description in
which the foregoing three stages of a craze are accounted for explicitly. This description is adopted here and
the reader is referred to this reference together with Estevez et al. (2000) for details of the formulation.
Although various criteria for craze initiation are available in the literature (Sternstein and Ongchin, 1969;
Sterstein and Myers, 1973; Oxborough and Bowden, 1973; Argon and Hannoosh, 1977), these are performed
at a temperature well above ambient conditions (50–60 C) or require sophisticated experiments to be per-
formed. In Saad-Gouider et al. (2006), it is argued that for mode I loading conditions and around the crack
tip, as long as the stress state remains within the ﬁrst quadrant of the principal stress space, a criterion based
on a critical maximum principal stress at a given temperature suﬃces to deﬁne the condition for craze initi-
ation. Based on this calibration, we adoptFig. 1.
diﬀerenrcrmax ¼ 55 MPa ð7Þ
for craze nucleation. As crazes appear perpendicular to the direction of maximal principal stress, the condition
(7) is checked throughout the material by taking the local maximum principal stress as rn, the traction normal
to the cohesive zone plane. Based on Kramer’s description (1983, 1990), the growth of craze ﬁbrils involves
plastic ﬂow, concentrated within a thin layer between the ﬁbrils and the bulk. Motivated by this, we take
the thickening of a craze, i.e. the rate of ﬁbrillation, to be governed by an expression similar to Eq. (3) (Tijssens
et al., 2000):0 0.2 0.4 0.6 0.8 1
0
50
100
150
200
ε =10-3 s-1
ε =10-5s-1
ε =10-4 s-1
.
.
.
ε
σ (MPa)
Experimental (dashed lines) and simulated (solid lines) stress (r)–strain (e) response of PMMA under uniaxial compression at
t strain rates with the parameters of Table 1 under isothermal conditions.
Table 1
The set of bulk parameters used in this study, representative of PMMA at room temperature, with s0 = 216 MPa
_c0ðs1Þ Esecant/s0 m sss/s0 As0/T h/s0 a N CR/s0
2  1010 10.2 0.32 0.88 43.2 4.2 0.1 3.3 0.083
Fig. 2.
or a so
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Acrc
T
1 rn
rc
n o 
; ð8Þwhere _D0, A
c and rc are material parameters. The term Ac accounts for the temperature dependence, rc is the a
thermal stress for craze thickening, rn the traction along the craze surface, while the pre-exponential _D0 has the
dimension of a velocity. Thus, the thickening rate of the craze is temperature and time dependent. Once craz-
ing has initiated, the thickening process continues until the cumulated Dcn reaches a critical thickness D
cr
n , a
material parameter that primarily depends on the temperature (Do¨ll, 1983; Do¨ll and Ko¨nczo¨l, 1990) and
on the molecular weight.
The complete traction–separation law used to describe crazing is_rn ¼ kn _Dn  _Dcn
 
ð9Þ
in which _Dn is the prescribed thickening rate on the craze surface, _Dcn is the craze thickening rate from Eq. (8)
once the craze initiation criterion (7) has been satisﬁed. When the condition Dcn ¼ Dcrn is attained, the related
crack nucleation is accounted for by prescribing rn = 0 at the locations of ﬁbril breakdown along the cohesive
zone. In Eq. (9), the stiﬀness kn is taken ‘‘inﬁnitely large” to ensure _Dn  _Dcn during ﬁbrillation. Its value can be
derived from an analysis of the geometry of the craze tip at the onset of initiation as reported in Estevez et al.
(2000).
Fig. 2 gives a schematic traction–thickening response of a craze to a constant thickening rate _Dn in accor-
dance with Eq. (9). In the regime [1], crazing has not yet initiated and the increase of rn results in a small
reversible opening of the cohesive surface, controlled by the elastic stiﬀness kn in (9). Once craze initiation
has taken place, the craze widens and depending on the stress state at craze initiation and the prescribed thick-
ening rate _Dn, a transient [2a] hardening or [2b] softening takes place prior to ﬁbrillation at approximately con-
stant normal stress. This process continues up to point [3] where the condition of craze breakdown is reached
and a crack is formed locally.
As a craze thickens, the related energy dissipation is accounted for through the viscoplastic thickening rate
(8). Within a two-dimensional cohesive zone representation of a craze, the heat generated during the craze
thickening process is accounted for by deﬁning a heat ﬂux over the cohesive surface, as will be discussed in
the next section.[3]
[3]
[1] Craze initiation
Craze breakdown
[2b]
[2a]
Δcrn Δn
σn
Schematic representation of the cohesive surface traction–opening law: [1] no crazing, [2] craze thickening for either a hardening (a)
ftening (b) response, [3] craze ﬁbril breakdown at Dn ¼ Dcrn and subsequent crack formation.
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Like Estevez et al. (2000, 2005), we perform a plane strain, small-scale yielding analysis of mode I crack
growth in a homogeneous polymer. The crack is initially circular with a tip radius rt equal to 5 lm in order
to simulate a ‘‘natural” crack prepared by tapping (Saad-Gouider et al., 2006). Crazing is restricted to take
place along the crack symmetry plane and we exploit the symmetry of the problem to analyse only half of
the geometry (see Fig. 3). Within a standard small-scale yielding framework, loading is applied via the mode
I elastic K ﬁeld prescribed at the remote boundary, and positioned at a distance R = 200rt from the crack tip.
The mesh has been designed and veriﬁed to be able to accurately capture the emerging localized ﬁelds.
The energy balance inside the material can be written asFig. 3.qcv _T ¼ kr2T þ _Dp þ _De; ð10Þ
with k the isotropic heat conductivity in accordance with Fourier’s law, q the mass density and cv the speciﬁc
heat. The total energy dissipation rate per unit volume _D has two contributions, namely a thermo-viscoplastic
one _Dp and a thermo-elastic one _De. The ﬁrst contribution, already accounted for in Estevez et al. (2005) is
given by_Dp ¼ r0 Dp ¼
ﬃﬃﬃ
2
p
s _cp: ð11ÞThe thermo-elastic contribution is given by,_De ¼ 3CacT 0 trDe; ð12Þ
where C is the bulk modulus, ac is the coeﬃcient of thermal expansion and T0 is a reference temperature. The
resulting temperature variation will be accounted for in the coupled analysis to be presented in the sequel.
In cases where crazing ensues, there is a second source of heat dissipation, namely the ﬁbrillation process
during craze thickening, as described in the previous section. Per unit of area, the rate of dissipation amounts
to bcrn _Dcn and, in the cohesive surface methodology, represents a heat ﬂux q ¼ k$T into the system through
the surface of the craze. When crazing has not yet initiated, there is no heat ﬂux across the symmetry plane
x2 = 0 (see Fig. 3). The energy balance (10) thus becomes subject to the following boundary condition on
the cohesive surfaces:oT
ox2
¼ 0 on x2 ¼ 0; without a craze;
bc 1
2
rn _Dcn=k on x2 ¼  12Dnðx1Þ; along the craze surfaces;
	
ð13Þwhere Dn is the thickness along the cohesive surface ahead of the crack (the factor 12 is due to symmetry).
All other boundaries are assumed to be insulated and thermal radiation is not considered. This latter
assumption is reasonable as heat generation is located at the crack tip and heat diﬀusion is generally small
in polymers and negligible for the loading rates to be considered in this study. Therefore, the temperature
is unlikely to be modiﬁed along the outer circle at r = R.thermally insulatedR
rt
craze heat flux
2
1
Ti 0
KI displacement fields u1and u2
=
Schematic representation of the problem formulation and boundary conditions for the coupled thermal and mechanical analysis.
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converted into heat. A value of bc = 1 accounts for a full conversion of the plasticity underlying ﬁbrillation.
In order to consider a fraction of this power to be stored by the ﬁbrillated structure, we adopt a value of
bc = 0.5. The exact value of bc is not known and changing it from 0.5 to 1 in our calculations results in a shift
of the temperature distribution for another loading rate with a diﬀerence in magnitude smaller to a decade.
The value of bc = 0.5 corresponds to a viscoplastic conversion into heat comparable to that of the bulk, as
measured by Rittel (1999) on polycarbonate (b  0.5), results in a Taylor–Quinney like factor for glassy poly-
mers smaller to that usually found for metals (b  0.9). The heat equation (10) is coupled to the equations
governing the mechanical response through the temperature dependence of the bulk viscoplastic strain rate
(3), the craze thickening rate (8) and the thermal expansion in (1).
In fracture dynamic calculations reported in Bougaut and Rittel (2001) and more recently in Gre´goire et al.
(2007), it is shown that account for inertial eﬀects is necessary for the estimate of the time dependent displace-
ment ﬁelds and related strain–stress. Around the crack tip region, these authors report a steady state increase
of the mode I stress intensity factor up to the onset of crack propagation. Because we are interested in a
detailed analysis of the crack tip ﬁelds rather the simulation of the fracture process in a structure, we use a
small-scale yielding, boundary layer approach within a quasi-static assumption in which a monotonic loading
rate with a constant _KI is prescribed. Our analysis is then restricted to the analysis of the onset of crack prop-
agation and early stages of the crack advance. It is not aimed at capturing a complex history of the crack
advance with a ﬁrst propagation – an arrest – a second propagation of the crack as reported by Gre´goire
et al. (2007) for instance.
A quasi-static ﬁnite strain analysis which uses a total Lagrangian description for the continuum ﬁeld equa-
tions is carried out while the cohesive surface is analyzed in the current conﬁguration. The virtual work rate
expression for this problem then readsZ
V
s  d _gdV þ
Z
Scz
rnd _Dn dS ¼
Z
oV
T  dvdS ð14Þwith V and oV denoting the volume of the region in the initial conﬁguration and its boundary, respectively,
and where Scz is the cohesive surface in the current state. In (14), s is the second Piola–Kirchhoﬀ stress tensor,
T the corresponding traction vector; _g and v are the conjugate Lagrangian strain rate and velocity. The gov-
erning equations are solved in a linear incremental fashion based on the rate form of (14), supplemented with
an equilibrium correction, the details of which can be found in Wu and van der Giessen (1996), Tijssens et al.
(2000), and Basu and Van der Giessen (2002).
The system of diﬀerential equations resulting from the ﬁnite element discretization of the energy balance
from Basu and Van der Giessen (2002) are modiﬁed to include the heat ﬂux vector Dc from the crazing
process:C _HþDH ¼ Db þDc: ð15Þ
Here, H is the vector of nodal temperatures and Db is the heat source vector due to plastic dissipation
and thermo-elastic eﬀects in the bulk. The matrices C and D depend on the properties qcv and k, respec-
tively. Eq. (15) is integrated in time by an unconditionally stable central diﬀerence scheme and the same
ﬁnite element mesh is used as for the mechanical part (14). The coupled problem is handled in a staggered
manner.
The thermal properties relevant to the simulation are the coeﬃcient of thermal expansion
ac = 7  105 K1, the mass density 1190 kg/m3, the speciﬁc heat cp = 1400 J/K/kg and the thermal conduc-
tivity k = 0.19 W/m/K. The set of parameters related to the craze opening rate (8) are taken from Saad-Gou-
ider et al. (2006) as _D0 ¼ 0:1 mm=s, Ac = 60 K/MPa and rc = 140 MPa. The critical craze opening at room
temperature is taken as Dccrn ðT ambientÞ ¼ 3 lm. At Tg, a value of Dccrn ðT gÞ ¼ 6 lm ¼ 2 Dccrn ðT ambientÞ as sug-
gested by measures of the temperature dependence of the craze opening reported in Do¨ll (1983) and Do¨ll
and Ko¨nczo¨l (1990) is considered. In Estevez et al. (submitted for publication), it is shown that a parabolic
variation with the relative temperature between the ambient one and Tg (393 K) better captures the brittle
to ductile transition and related increase in toughness with loading rate than a linear one as proposed initially
in Estevez et al. (2005), for loading rate around _KI  1 104 MPa
ﬃﬃﬃﬃ
m
p
=s.
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In the present work we intend to pinpoint situations under which the measurements of thermo-elastic cool-
ing by Rittel (1998) and Bougaut and Rittel (2001) are possible. In these experiments thermocouples were
placed ahead of a sharp fatigue precrack in PMMA. When loaded at very high rates, the thermocouples
recorded sharp drops in temperature preceding fracture. While, Bougaut and Rittel (2001) focused on the
analysis of the cooling, some heating slightly before the onset of crack propagation is reported in Rittel
(1998). During crack propagation, Bjerke and Lambros (2003) reported only a temperature increase of tens
of Kelvins. As the temperature is measured from thermal radiations, their device is not accurate enough to
capture variations of some Kelvins prior to the crack advance as Rittel’s.
The temperature ahead of a crack tip is a result of the competition between Eqs. (11) and (12). It is clear
that in order to cause signiﬁcant cooling, the contribution from Eq. (12) has to be noticeable and the condi-
tions for observing the related stress–strain state will be addressed.
As discussed earlier, the contribution to the heat in the crack tip region comes from dissipative processes
that include plastic deformation in the bulk and crazing. We have earlier studied problems (Estevez et al.,
2005) where both these contributions existed and observed that heating from micromechanical processes
occurring within the craze create a hot zone along the propagating craze, the temperature of which, at high
enough loading rates, can locally exceed the glass transition temperature of the material. We now study a
number of model situations and try to assess which, if any, can explain
1. the signiﬁcant temperature drops reported in Rittel’s experiments and
2. the fact that the temperature ﬁelds are decreasing prior to crack propagation and increasing during the
crack advance.
All the calculations reported here are performed at a loading rate _KI ¼ 3 104 MPa
ﬃﬃﬃﬃ
m
p
=s, to ensure that
the material remains within its glassy state up to the onset of crack propagation and that (T < Tg). For larger
loading rates and with the set of cohesive zone parameters determined by Saad-Gouider et al. (2006) at low
rates, the temperature may exceed the glassy transition temperature Tg during the craze ﬁbrillation. If that
situation comes up, the craze opening rate in (8) is no longer valid and the calculation is stopped as no descrip-
tion of the craze ﬁbrillation process above Tg is considered.
4.1. Case with all sources of dissipation disabled, elastic bulk without crazing
Evidently, a situation in which no heating intervenes is one where the bulk remains elastic and no crazing
initiates. In Fig. 4a and b we show the mean stress contours at applied KI of 1.55 and 3:6 MPa
ﬃﬃﬃﬃ
m
p
. The cor-
responding temperature contours are shown in Fig. 4c and d. We note that the temperature drop is directly
proportional to the mean stress in this case, a fact borne out by the shape similarity between the contours
of mean stress and temperature at the two load levels shown. The loading rate used in this simulation is
_KI ¼ 3 104 MPa
ﬃﬃﬃﬃ
m
p
=s. Adiabatic conditions are accounted for in the present example, primary to verify
that the mean stress contours and that of the temperature match. Calculations within the coupled formulation
result in very similar temperature proﬁle, thus indicating that temperature diﬀusion is of negligible importance
at these rates as reported in Basu and Van der Giessen (2002) and Estevez et al., (2005). Note that the heat
equation will be accounted for in the sequel as it provides a simple way to incorporate the heat generated from
the craze ﬁbrillation as reported in Eq. (13).
Expectedly, when the bulk is elastic and crazing is not allowed, thermo-elastic cooling concentrates at
the crack tip while the overall volume exhibits some temperature decrease. At the crack tip, for
KI ¼ 1:55 MPa
ﬃﬃﬃﬃ
m
p
, the extent of cooling is about 8 K while for 3:6 MPa ﬃﬃﬃﬃmp the region next to the
tip cools by over 20 K. At a distance of about 30rt  40rt i.e. 0.15  0.2 mm, a temperature drop of
about 4 K is seen which is comparable to what was recorded by Bougaut and Rittel (2001) (6 to
8 K) about 0.2 mm from the tip of a fatigue precrack. The temperature drop scales linearly with the
Young’s modulus and the load. Rittel and Maigre (1996) reported dynamic modulus of about 5 GPa
and fracture toughness as high as 5 MPa
ﬃﬃﬃﬃ
m
p
for PMMA at loading rates of the order of
a b
c d
Fig. 4. Contour plots of the mean stress (a and b) and temperature (c and d) at KI ¼ 1:55 MPa
ﬃﬃﬃﬃ
m
p
(a and c) and KI ¼ 3:6 MPa
ﬃﬃﬃﬃ
m
p
(b
and d) for a simulation with _KI ¼ 3 104 MPa
ﬃﬃﬃﬃ
m
p
=s. The bulk is elastic and no crazing is allowed.
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if a larger Young’s modulus is taken. It should be noted that under the assumptions of the present case a
temperature drop of 4 K or more is possible but will imply a stress normal to symmetry plane 1 GPa
ahead of the crack tip. It is worth noting that the foregoing comment would hold if a larger loading rate
_KI ¼ 5 105 MPa
ﬃﬃﬃﬃ
m
p
=s as in Rittel and Maigre (1996) would be considered as the bulk is taken linear
elastic and adiabatic conditions prevail.
4.2. Cases with dissipative processes allowed
A more realistic case is one where plasticity in the bulk and crazing are allowed to compete. Saad-Gouider
et al. (2006) have calibrated craze initiation and widening parameters for PMMA albeit at low rates of load-
ing. In particular, the initiation criterion in PMMA at low loading rates is identiﬁed as (7). Assuming that the
craze initiation criterion is rate independent and valid at high rates, we performed a simulation with the cri-
terion (7) and also accounted for the elastic–viscoplastic response of the bulk (see Section 2.1). Properties for
the bulk and the craze widening law are taken as described in the previous section. Fig. 5a–d illustrate the
evolution of temperature in these simulations.
a b
c d
Fig. 5. Contour plots of the temperature at various load levels for a simulation with _KI ¼ 3 104 MPa
ﬃﬃﬃﬃ
m
p
=s. The bulk obeys elasto
viscoplastic constitutive model for PMMA and crazing follows a cohesive zone model calibrated by Saad-Gouider et al. (2006). The stages
shown correspond to craze initiation (a) at KI ¼ 0:11 MPa
ﬃﬃﬃﬃ
m
p
and (b) the onset of the ﬁrst craze ﬁbril breakdown at KI ¼ 1:7 MPa
ﬃﬃﬃﬃ
m
p
,
(c) and (d) are taken during crack propagation, the load level remaining constant.
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Once craze thickening takes place, the viscoplastic ﬁbrillation process results in a temperature increase along
the craze surfaces and quickly becomes the major contributor to the heat dissipation. Thus, as in Estevez et al.
(2005), a hot zone develops along the craze and subsequent crack. The temperature of the hot zone keeps
increasing with load up to the onset of craze breakdown (see Fig. 5b). During the crack propagation pre-
sented in Fig. 5c–d, a hot zone is observed along the craze and crack path. Interestingly, a small cool region
persists above the crack tip even when the craze grows and matures into a crack. This is a remnant of the
initial cool zone at the crack tip and survives as insulated boundary conditions are considered at the crack
tip. However, a thermocouple, placed some distance away from the initial crack tip would only register a tem-
perature increase which originates from the propagation of the craze. At the onset of craze initiation, the
maximum cooling is located at the crack tip and is about 1 K. Therefore, that of the overall volume appears
to be a fraction of Kelvin and thus negligible. Based on the calibration validated at low and intermediate rates
by Saad-Gouider et al. (2006) and Estevez et al. (submitted for publication), no thermo-elastic cooling is pre-
dicted in the present case.
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strain rates is used, initiation occurs early in the loading history, even before nonlinear eﬀects set in. Without
crazing, the load level at which the maximum cooling is observed is reported in Fig. 6a, for the load level
KI ¼ 0:44 MPa
ﬃﬃﬃﬃ
m
p
. A maximum cooling of 3 K is observed at the crack tip. The temperature variation
far from the notch is below 1 K and in particular at x = 0.2 mm from the crack tip. A this stage, plasticity
is not triggered and the material response is essentially elastic. This is observed in Fig. 7a in which the distri-
bution of the plastic shear strain rate from (3) normalised by _C0 ¼ _KI=ðs0rtÞ is reported. A further increase in
the load level shows that a nonlinear response takes place at KI ¼ 0:91 MPa
ﬃﬃﬃﬃ
m
p
(see Fig. 7b, which is con-
sistent with the beginning of heating in Fig. 6b). As the loading continues, the temperature continues to rise
(see Fig. 6c within the plastic zone that further develops as reported in Fig. 7c–d). For the loads
KI ¼ 1:46 MPa
ﬃﬃﬃﬃ
m
p
and KI ¼ 1:7 MPa
ﬃﬃﬃﬃ
m
p
in Fig. 6c–d, it is seen that the cooled zone disappears progres-
sively leaving a warm region around the crack tip. The latter load level corresponds to the craze breakdown
and the onset of crack propagation if crazing was accounted for. The plastic zone continues to develop as
observed in Fig. 7c–d.a b
c d
Fig. 6. Simulation with an elasto viscoplastic bulk and crazing disabled. Temperature contours are shown at (a) KI ¼ 0:44 MPa
ﬃﬃﬃﬃ
m
p
when
the maximum cooling of 3 K is observed, (b) KI ¼ 0:91 MPa
ﬃﬃﬃﬃ
m
p
when heating from the bulk becomes important, (c)
KI ¼ 1:46 MPa
ﬃﬃﬃﬃ
m
p
at which it is seen that the cooled zone disappears progressively leaving a warm region around the crack tip and
(d) KI ¼ 1:7 MPa
ﬃﬃﬃﬃ
m
p
corresponding to the load at which craze breakdown occurs in Fig. 5.
a b
c d
Fig. 7. The bulk constitutive law is elasto viscoplastic and crazing disabled. The corresponding plastic strain rate distribution, normalized
by _C0 ¼ _KI= ﬃﬃﬃrtp s0
  at (a) KI ¼ 0:44 MPa ﬃﬃﬃﬃmp with an elastic response allowing for thermo-elastic cooling, (b) at KI ¼ 0:91 MPa ﬃﬃﬃﬃmp
plasticity initiates and develops for larger load levels as reported in (c) for KI ¼ 1:46 MPa
ﬃﬃﬃﬃ
m
p
and (d) KI ¼ 1:7 MPa
ﬃﬃﬃﬃ
m
p
.
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perature drop but smaller to 1 K and will register only heating thereafter.
Therefore, either sources of heat dissipation namely, bulk plasticity and crazing are enough to override
eﬀects of thermo-elastic cooling completely. If either of these processes are active, temperature drop of which
magnitude is comparable to that reported in Rittel’s studies (1998, 2001) till onset of crack propagation cannot
be observed.4.3. Discussion
An assumption we made in the last section concerns the craze initiation criterion. In particular, we assumed
that the craze initiation stress calibrated at low strain rates hold at higher rates as well. Now we ask the ques-
tion: what happens if the condition for craze initiation becomes much higher at high loading rates? We there-
fore conducted a simulation with rcrmax ¼ 220 MPa which is four times that calibrated by Saad-Gouider et al.
(2006) for PMMA at low loading rates. Expectedly, as shown in Fig. 8a, craze initiation is delayed in the load
history and takes place at 0:44 MPa
ﬃﬃﬃﬃ
m
p
. This is in fact the same load level as shown in Fig. 6a and the same
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way as in Fig. 5 where the initiation stress was lower. Craze breakdown occurs at KcrI ¼ 1:7 MPa
ﬃﬃﬃﬃ
m
p
(see
Fig. 8b) which is exactly the same load level at which craze breakdown occurred for rcrmax ¼ 55 MPa (the con-
dition for craze initiation at low rates). The reason for this originates from the rate dependent cohesive zone
used for crazing: it is seen in Fig. 2 that a hardening or a softening response is predicted depending on the
stress level for craze initiation. In Saad-Gouider et al. (2006)’s calibration, the craze thickening kinetics results
in a hardening like response after craze initiation. Increasing the condition for craze nucleation results in a
transient softening response which reaches a steady state for an identical normal stress during thickening.
As the energy release rate corresponds primary to the area under the rn  Dn plot, these are similar for the
steady state ﬁbrillation and an identical value of KcrI for crack propagation is predicted. During the crack
advance (Fig. 8c–d), since we have not changed the kinetics of craze widening, similar amounts of dissipation
happen and the cool zone progressively disappears.
We have now established that it is not possible to observe cooling near or in the vicinity of the crack tip till
failure by delaying craze initiation for a value four times larger to that identiﬁed under low rates, quasi-statica b
c d
Fig. 8. Simulation with an elasto viscoplastic bulk and crazing with a four times higher craze initiation stress than in Fig. 5. Temperature
contours are shown at (a) KI ¼ 0:44 MPa
ﬃﬃﬃﬃ
m
p
when the maximum cooling of 3 K is observed and craze initiation takes place, (b)
KI ¼ 1:7 MPa
ﬃﬃﬃﬃ
m
p
when craze breakdown occurs and during crack propagation (c and d).
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rate (Do¨ll, 1983, 1990) or from the inverse identiﬁcation found at intermediate to high rates (Bjerke and
Lambros, 2003). When the craze initiation stress is increased by a factor of 4, the condition for craze nucle-
ation is delayed during the load history while the kinetics of craze growth and breakdown remain unaltered
and no major eﬀect is observed in terms of toughness. Raising the initiation stress further will additionally
bring in the eﬀect of dissipation from the bulk which again will cause the cool zone to disappear (as in
Fig. 6a–d).
The above results taken in their totality point to only one possible situation under which the amount of
thermo-elastic cooling observed in the experiments can come about. Clearly, whatever the failure mechanism
might be, it should suppress bulk plasticity and inhibit crazing to allow the thermo-elastic cooling. This is
exactly the hypothetical situation we modelled in Section 4.1.
Thus, we infer that at high rates, a signiﬁcantly diﬀerent mechanism operates (in the case of PMMA), at
least in term of the traction–separation proﬁle of the corresponding cohesive zone. This mechanism would ini-
tiate at a high stress which is not high enough for dissipation in the bulk to cause heating or in other words for
large scale plasticity to set in at the crack tip region. Once fracture is initiated, the bulk surrounding the crack
unloads. Thus, the bulk plasticity and the dissipation associated therewith will be suppressed. Progressive
cooling till failure, as reported in Rittel’s experiments are then expected to be followed by heating during
the crack propagation as observed by Bjerke and Lambros (2003).
The mechanism underlying failure at these rates still needs to be clariﬁed and the present study, based on
the occurrence of thermo-elastic cooling, suggests that this mechanism is likely to be diﬀerent from crazing
observed and evidenced at low and intermediate loading rates (i.e. for times at failure greater than 0.1 ms).
For characteristic times at failure about some micro-seconds as investigated by Rittel and coworkers (1996,
1998, 2001), the process responsible for failure remains unclear, from a physical point of view as well as from
a mechanistic point of view. Possible insight in understanding the physics responsible for rupture at high rates
could be provided by molecular dynamics (MD) calculations as reported by Rottler et al. (2002) or more
recently by Kulmi and Basu (2006). In the case of MD studies, the loading rate is even larger to that consid-
ered in Rittel’s experiments. These MD simulations of the craze initiation and ﬁbrillation process show that
ﬁbrillation operates for a drawing stress several times smaller than a peak stress for which cavitation (craze
initiation) takes place. This results is a traction–separation proﬁle completely diﬀerent to that observed for
PMMA with the craze parameters determined by Saad-Gouider et al. (2006). For low and intermediate load-
ing rates, the cohesive zone identiﬁed by Saad-Gouider et al. (2006) as well as that found in Estevez et al. (sub-
mitted for publication) results in a response similar to that of trajectory [2b] in Fig. 8 while that predicted in
MD is similar to that of [2a] with a peak several times larger to that of the plateau corresponding to the draw-
ing stress.
The mechanism proposed here is consistent with measurements of Rittel and Maigre (1996). They observed
that at high rates, PMMA has a toughness KcrI about ﬁve times higher than at low rates. Our present proposal
implies that the ampliﬁcation in KcrI is due to a switch in failure mechanism observed at low rates to another
initiated at a higher load level under high loading rates. While crazing remains the underlying mechanism for
failure, diﬀerent conditions in terms of critical initiation stress are thought to be responsible for the steep
increase in toughness reported in Rittel and Maigre (1996) and related thermo-elastic cooling prior to crack
propagation (Rittel, 1998; Bougaut and Rittel, 2001).
The question remains as to how high the initiation stresses should be in order that signiﬁcant temperature
drops (preceding failure) is observed. In connection with Fig. 4a–d, we noted that the opening stress along the
crack plane in (d) is about 1 GPa. At this stage, a signiﬁcant temperature drop is noticeable. It can be safely
concluded from our analyses that the initiation stress for the onset of failure proposed is probably in excess of
500 MPa.
The answer to how the material remains elastic at these high stress levels is also intriguing. The possibility
that the yield stress of the material is also ampliﬁed at high rates is not a remote one as has been discussed by
Mulliken and Boyce (2006). Thus several events happen at high loading rates. They are
1. The material exhibits increased strain rate sensitivity and thus remains elastic till very high stress levels are
attained.
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3. Fracture proceeds by a mechanism which seems diﬀerent to crazing observed at low rates and an increase in
the craze initiation could be invoke for the interpretation of the steep increase of the toughness and related
thermo-elastic cooling. The origin of such a rate dependence of the craze initiation stress remains to be
elucidated.
The synergestic eﬀect of all these events taken together can lead to a situation where the material will show
a high value of KcrI .
5. Conclusion
In this paper we start from the experimentally observed premise that at very high rates of loading signiﬁcant
temperature drop occurs in front of the tip of a sharp crack. The drop precedes fracture while a temperature
increase is reported in several studies during the crack propagation (Fuller et al., 1975; Bjerke and Lambros,
2003; for instance). We conducted several simulations within the framework of large deformation ﬁnite ele-
ment analysis using a realistic constitutive model for PMMA and a cohesive zone model of crazing. The mod-
els were calibrated at low strain rates and all the parameters have been determined through careful
experimentation.
Using the above framework we showed that all dissipative processes need to be suppressed in order that the
experimentally reported temperature drop can be realised in the simulations. The dissipative processes include
bulk dissipation as well as crazing both of which, when included, quickly cause temperature rise that overrides
thermo-elastic cooling eﬀects.
Our simulation results suggest that a fracture mechanism diﬀerent to that for crazing at low loading rates
operates at very high rates of loading ð _KIJ 1 105 MPa
ﬃﬃﬃﬃ
m
p
=sÞ for thermo-elastic cooling to develop. The
failure mechanism would thus require ‘‘high” stress levels (of the order of 1 GPa) to get initiated and related
onset of crack advance, resulting in a toughness higher to that observed at low rates. Plasticity is also expected
to be suppressed at high rates of loading due to increased strain rate sensitivity, which renders the bulk elastic
before the failure mechanism is initiated. Our hypothesis is consistent with the fact that KcrI for PMMA at high
rates of loading is much higher than under quasi-static conditions.
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